The extended Linear Sigma Model (eLSM) is an effective hadronic model based on the linear realization of chiral symmetry SU (N f )L × SU (N f )R, with (pseudo)scalar and (axial-)vector mesons as degrees of freedom. In this paper, we study the low-energy limit of the eLSM for N f = 2 flavors by integrating out all fields except for the pions, the (pseudo-)Nambu-Goldstone bosons of chiral symmetry breaking. We only keep terms entering at tree level and up to fourth order in powers of derivatives of the pion fields. Up to this order, there are four low-energy coupling constants in the resulting low-energy effective action. We show that the latter is formally identical to Chiral Perturbation Theory (ChPT), after choosing a representative for the coset space generated by chiral symmetry breaking and expanding up to fourth order in powers of derivatives of the pion fields. Two of the low-energy coupling constants of the eLSM are uniquely determined by a fit to hadron masses and decay widths. We find that their tree-level values are in reasonable agreement with the corresponding low-energy coupling constants of ChPT. The other two low-energy coupling constants are functions of parameters that can in principle be determined by ππ scattering, which has not yet been studied within the eLSM. Therefore, we use the respective values from ChPT to make a prediction for the values of these parameters in the eLSM Lagrangian.
I. INTRODUCTION
The physics of the strong interaction is described by Quantum Chromodynamics (QCD). For N f massless quark flavors the classical QCD Lagrangian possesses a global U (N f ) L × U (N f ) R ∼ = U (N f ) V × U (N f ) A symmetry. At quantum level, this symmetry is reduced to SU (N f ) V × SU (N f ) A × U (1) V , since the U (1) A symmetry is explicitly broken by a quantum anomaly [1] . The U (1) V symmetry corresponds to quark number conservation. Since it is trivially fulfilled in any theory with hadrons as degrees of freedom, we do not need to consider it in the following. The remaining SU (N f ) V × SU (N f ) A symmetry, the so-called chiral symmetry, is explicitly broken to SU (N f ) V by nonvanishing and equal quark masses, and to the direct product of N f − 1 separate U (1) groups if all quark masses are unequal. It is well known that the experimentally observed hadrons can be grouped into irreducible representations of SU (N f ) V and not into those of SU (N f ) V × SU (N f ) A [2] . This observation provides strong evidence for the fact that chiral symmetry must be spontaneously broken to its diagonal flavor subgroup SU (N f ) V . As a consequence of the spontaneous breakdown of chiral symmetry, we expect the occurrence of N where the different terms in this expansion Z 2n , n = 1, 2, . . ., include all possible combinations of the coset representative of chiral symmetry breaking and the external fields which are allowed by local chiral symmetry as well as by CPT and proper orthochronous Lorentz transformations. It is therefore clear that the number of allowed interaction terms rapidly increases with the order of the expansion. Up to and including next-to-leading order (NLO), the most general chiral Lagrangian is given by
where the leading-order (LO) and NLO terms of the Lagrangian are given by Eqs. (A1) and (A2) in App. A 1. At LO the chiral Lagrangian contains only two free parameters, the pion decay constant f π and the constant B 0 , which is related to the bare quark mass. At NLO the number of free parameters increases to ten. In this case, one has seven LECs ℓ i , i = 1, . . . , 7, and three additional coupling constants h i , i = 1, 2, 3, see Eq. (A2).
In this work, we are interested in the detailed interaction structure of the pion fields among themselves. Therefore, we choose
as a parametrization of the coset space SU (2) × SU (2)/SU (2) and expand the chiral Lagrangian, only keeping terms with up to four pion fields and space-time derivatives. The resulting Lagrangian takes the form
where
defines the NLO tree-level mass of the pion. The low-energy coupling contants C i,χP T , i = 1, . . . , 4, are given by
where the LECs are defined in Eq. (A2).
III. LOW-ENERGY LIMIT OF THE ELSM A. Mesonic part of the eLSM
The eLSM is a linear sigma model which contains, besides the standard scalar and pseudoscalar mesons, also vector and axial-vector mesons [16] [17] [18] [19] . All mesonic fields are interpreted as quark-antiquark states, such as e.g. found in the relativistic quark model of Ref. [23] . This identification is confirmed by the study of the large-N c behavior [24] of masses and widths, as discussed in Ref. [18] .
Scalar and pseudoscalar mesons are described by the matrix
where T 0 = ½ 2×2 /2 and T = τ /2, in which τ denotes the vector of the Pauli matrices. The quantity π describes the pion triplet, while η N describes the non-strange content of the η and η ′ mesons. Furthermore, the scalar triplet a 0 is identified with a 0 (1450) [the alternative identification with a 0 (980) turns out to be unfavored [16, 18] ]. Similarly, the scalar isosinglet σ N corresponds to the resonance f 0 (1370) [also in this case, the assignment to the light f 0 (500) is unfavorable, see App. B 2 for further discussion].
Vector and axial-vector mesons are described by the left-and right-handed fields
where the vector and axial-vector singlets ω µ N and f µ 1N represent the ω(782) and f 1 (1285) mesons, respectively. In the isotriplet sector, ρ µ represents the vector meson ρ(770) and a µ 1 the axial-vector meson a 1 (1260). The fields (10), (11) , and (12) have a well-defined transformation behavior with respect to U (2) L × U (2) R transformations:
The most general chirally symmetric Lagrangian which contains operators of dimension (up to) four and reproduces the chiral symmetry breaking pattern found in nature is given by:
Explicit breaking of chiral symmetry due to non-vanishing quark masses is affected by the term
which tilts the potential into the σ N -direction. The U (1) A anomaly is incorporated via the term
Spontaneous breaking of chiral symmetry is induced by a non-vanishing vacuum expectation value φ N ≡ σ N of the σ N field. Physical excitations of this field, corresponding to the σ N meson, are described by performing a shift, σ N −→ φ N + σ N , in the Lagrangian (14) . One then obtains the tree-level masses of the different mesons from terms quadratic in the fields. In addition, this shift leads to bilinear terms which mix the axial-vector and pseudoscalar fields, respectively. By shifting the axial-vector fields in an appropriate way,
with
the bilinear terms in the Lagrangian can be eliminated [for details, see Refs. [18, 19] ]. In addition, we have to redefine the pseudoscalar fields,
in order to obtain canonically normalized fields. In the end, the tree-level masses of the mesons read:
The parameters m 2 0 , m
, and c 1 of the Lagrangian (14) were determined in Ref. [18] through a fit of the tree-level masses (20) as well as several decay widths to experimental data. The large-N c suppressed parameters λ 1 and h 1 only influence properties of the scalar-isoscalar mesons and were excluded from this fit. Setting them to zero, the fit allows predictions for the masses of these mesons. They turn out to be in the range of masses of the experimentally observed scalar-isoscalar states f 0 (1370), f 0 (1500), and f 0 (1710) [18] . Note that the fit of Ref. [18] was performed for the N f = 3 version of the eLSM, while in this work we consider N f = 2. Nevertheless, when λ 1 = h 1 = 0, the terms distinguishing between the cases N f = 2 and N f = 3 in Eqs. (20) vanish, such that these relations for the masses hold with the identification c
, where φ S is the strange quark condensate. The coupling constants g 3 , g 4 , g 5 , g 6 in the Lagrangian (14) describe four-point interactions between vector mesons. They do not enter masses and decay widths of mesons at tree-level and thus were not determined in Ref. [18] . As we shall see in Sec. III B, they influence the values of the low-energy coupling constants because of the mixing of axial-vector and pseudoscalar mesons, Eq. (17), which gives rise to a four-pion term. While the constants g 5 and g 6 can be dismissed in virtue of large-N c considerations, the constants g 3 are g 4 are not expected to be small.
B. Determination of the low-energy effective action of the eLSM
In this subsection, we compute the low-energy effective action of the eLSM by successively integrating out all fields except for the pions in the vacuum-to-vacuum transition amplitude f, ∞|f, −∞ , where
This transition amplitude can be written as a functional integral over all fields
where N is a normalization constant. Our aim is to obtain a Lagrangian which contains only pions and can then be compared to ChPT. Hence, we integrate out the heavy mesonic fields
In general, this is a formidable task, since the various interaction structures couple the functional integrations over different fields in Eq. (21) . Furthermore, there are cubic and quartic (self-)interaction terms of the heavy fields, which prevent a straightforward analytic solution of the respective functional integral.
Nevertheless, if we restrict the comparison of ChPT with the low-energy effective action of the eLSM to tree-level and to fourth order in powers of derivatives of the pion fields, it is possible to make progress by purely analytical means. We first observe that the Lagrangian (14) contains the following type of interaction terms:
(1) terms containing three or four heavy fields, but no pion field, Γ
(2) terms containing one pion and two or three heavy fields, Γ
terms containing two pion fields and one heavy field, Γ (3) ππ ≡ H i ππ, (4) terms containing two pion fields and two heavy fields, Γ (4) ππ ≡ H i H j ππ, (5) terms containing three pion fields and one heavy field Γ (4) πππ ≡ H i πππ, and (6) terms containing four pion fields Γ (4) ππππ ≡ ππππ.
Under the above assumptions, we may now neglect all terms except those of type (3) and (6) . This can be proved as follows. Because of our assumption to consider only terms up to fourth order in powers of derivatives of the pion fields, we need to combine the different types of vertices in a way which generates four-pion interaction terms when integrating out the heavy fields. However, one can convince oneself via a simple graphical analysis that most of these combinations then contain loops of heavy fields. By our assumption to consider only tree-level contributions to the low-energy effective action, these can therefore be neglected. The only way to generate a tree-level contribution is to combine two vertices of type (3) with the same heavy field H i . When integrating out the latter, this generates a diagram where the two vertices of type (3) are connected by a propagator for the field H i . Other than that, the only other terms that contribute at tree-level are those of type (6) .
After these considerations, the only terms of relevance in the Lagrangian (14) are
contains the kinetic and mass contributions of the π-field as well as all types of four-pion interaction terms, and
as well as
contain the kinetic and mass terms as well as the terms linear in the σ N and the ρ field, respectively. Note that we added a Stückelberg term ξ ρ (∂ µ ρ µ ) 2 /2 to the Lagrangian in order to make the inverse ρ-meson propagator invertible, cf. App. A 2.
The remaining terms [denoted by the ellipsis in Eq. (22)] contain the kinetic and mass terms for the other heavy fields
1 as well as their interaction terms with pions. However, they do not contain any term of type (3), cf. App. A 2, and therefore can be neglected within our approximation scheme.
Since the Lagrangian (22) contains at most quadratic terms in the heavy fields, the integration over the latter in the functional integral (21) is of (shifted) Gaussian type and can therefore be performed analytically. Using Eq. (22) the functional integral (21) takes the form:
with L σN π and L ρπ are given by Eqs. (24) and (25), respectively. Since both functional integrals decouple, the order in which we integrate out these fields is irrelevant. We start with σ N :
and
with the coefficients
Expanding the sum in Eq. (29) to order n = 2, neglecting terms of higher than fourth order in derivatives of the pion fields, and using the equation of motion of the free pion field, Eq. (28) can be written as 
We now turn to the contribution of the ρ-meson:
is the propagator of the ρ-meson and
At this point, for the sake of simplicity we choose ξ ρ = 1, which eliminates the term proportional to ∂ µ x ∂ ν x in the inverse propagator. This does not influence our results, as one can show that this term results in four-pion interaction terms with six or more space-time derivatives, which we neglect in our treatment. Then, the inverse operator in Eq. (34) simplifies and the functional integral with respect to ρ µ can finally be written as
In order to obtain the tree-level effective action of the eLSM, we have to insert Eqs. (33) and (38) into Eq. (26). The resulting tree-level effective Lagrangian has then exactly the same form as Eq. (4) obtained from ChPT:
where the low-energy coupling constants C i,eLSM , i = 1, . . . , 4, are functions of the parameters of the eLSM Lagrangian (14): 
These expressions represent the main result of this paper. Note that they already contain contributions from the σ N -and the ρ-meson at tree-level. In other approaches without these meson degrees of freedom, e.g. ChPT, such contributions only enter at higher-loop order.
IV. RESULTS
In this section we determine the numerical values for the low-energy coupling constants C i,χP T and C i,eLSM , i = 1, . . . , 4, and compare them with each other.
A. ChPT
In ChPT at NLO the LECs are functions of the energy scale µ and are denoted as ℓ i (µ). They are related to the usually quoted µ-independent quantitiesl i through the equation:
where γ 1 = 1/3, γ 2 = 2/3, and γ 3 = −1/2, see Ref. [3] . The numerical values of thel i are given in Ref. [25] . For the pion mass we use M π = (139.57018 ± 0.00035) MeV and for the renormalization scale µ = 770 MeV, resulting in the following values for the ℓ i (µ = 770 MeV):
In this way the mass parameter M , which is defined by the NLO tree-level mass of the pion, Eq. (5), reads:
Upon using f π = (92.2 ± 0.1) MeV [2] one obtains:
The parameters of the eLSM were determined in Ref. [18] through a fit to experimental data. We only quote those of relevance for the following: 
We also set h 1 = λ 1 = g 5 = g 6 = 0, which are suppressed in the large-N c limit [24] . The minimum of the potential is at φ N = (164.6 ± 0.1) MeV. As a consequence, we obtain
The four coefficients c i,σN and c i,ρ , i = 1, 2, defined in Eqs. (31), (32), (36), and (37), are then:
Using these values, the low-energy coupling constants of the eLSM, Eqs. (40) - (43), are:
C 4,eLSM = (9.45 ± 0.59) · 10
where the errors are calculated using the standard procedure associated to the χ 2 minimization described in Ref. [18] . The following comments are in order:
1) The constant C 1,eLSM turns out to be in good agreement with the ChPT result. The eLSM value has, quite remarkably, an even smaller error than C 1,χP T . However, this does not mean that we can determine ℓ 3 to better precision than ChPT. Naively one would think that Eq. (5) allows us to express ℓ 3 as a function of M 2 , which, by Eq. (6), is linearly related to C 1,χP T . We could now replace C 1,χP T with C 1,eLSM and hope to obtain a smaller error for ℓ 3 than ChPT. This, however, does not work: we obtain ℓ 3 = (23 ± 28) · 10 −3 , i.e., although the value is consistent with the one quoted in Eq. (47) it has an error which is about one order of magnitude larger. The reason is that the mass difference M 2 π − M 2 has a larger error which influences this way of determining ℓ 3 .
2) The quantity C 2,eLSM is a few standard deviations off the NLO ChPT value. However, if we consider C 2,eLSM (2f 2 π ), with the value for f π as given by the fit of Ref. [18] , f π = (96.3 ± 0.7) MeV, we obtain C 2,eLSM (2f 2 π ) = 1.00129 ± 0.00012, i.e., almost exactly equal to unity (although the error is about a factor of 10 smaller than the deviation from unity). It is interesting to list the five terms contributing to the righthand side of Eq. (41) separately: 
From this we conclude that the result C 2,eLSM (2f 2 π ) ≃ 1 is actually due to nontrivial cancellations.
3) The quantities C 3,eLSM and C 4,eLSM cannot be uniquely determined because the constants g 3 and g 4 were not determined in the fit of Ref. [18] . However, we can estimate their values, by replacing the left-hand sides of Eqs. (72) and (73) by the ChPT values (51) and (52) and then solving for g 3 and g 4 . We obtain
Although the errors are large, the values are of a natural order of magnitude. In turn, it means that the terms proportional to g 3 and g 4 are expected to affect ππ scattering.
V. CONCLUSIONS AND OUTLOOK
In this work, we have presented a low-energy study of the eLSM with two quark flavors. We have integrated out all heavy mesons in the functional integral representation of the vacuum-to-vacuum transition amplitude and kept only terms contributing at tree-level and up to fourth order in powers of derivatives of the pion field. In this way, we have obtained a low-energy effective action which contains only pions. We have mapped this effective action to that of ChPT by choosing a definite coset representative and expanding the latter to fourth order in powers of derivatives of the pion fields. This allowed us to compare the coefficients of the various terms, here termed low-energy coupling constants, in the low-energy effective action of the eLSM with the corresponding ones of ChPT.
The low-energy coupling constant C 1,χP T is related to the LEC ℓ 3 , cf. Eqs. (5) and (6), while C 2,χP T = 1/(2f 2 π ). On the other hand C 1,eLSM and C 2,eLSM were determined from the fit of Ref. [18] . We found reasonable agreement between C 1,eLSM and C 1,χP T , while the numerical values of C 2,eLSM and C 2,χP T differ by a few standard deviations. However, if we consider the dimensionless quantity C 2,eLSM (2f 2 π ), with f π from the fit of Ref. [18] , we obtain within about 0.13% the value C 2,eLSM (2f 2 π ) = 1. A direct comparison of the low-energy coupling constants C 3,eLSM and C 4,eLSM with the corresponding ones in ChPT was at present not possible because the coupling constants g 3 and g 4 have not yet been determined. In view of this we reverted the argument and obtained an estimate for these couplings constants by equating C 3,eLSM ≡ C 3,χP T and C 4,eLSM ≡ C 4,χP T . We obtained values which are of a natural order of magnitude. It would be interesting to study ππ scattering within the eLSM to confirm the values obtained here.
In conclusion, we confirmed the validity of the eLSM as an effective hadronic model by showing that its low-energy limit correctly reproduces the low-energy coupling constants of ChPT to NLO. A necessary ingredient proved to be the inclusion of (axial-)vector degrees of freedom. In App. B 1 we corroborate this conclusion by studying a scenario without (axial-)vector mesons. Let us also repeat the main conclusion of Ref. [18] , namely that the scalar quarkantiquark states lie above 1 GeV in mass and in particular that the chiral partner of the pion has to be identified with the f 0 (1370) resonance. In App. B 2 we study an alternative scenario where the scalar quark-antiquark states are identified with resonances below 1 GeV in mass. In this case, we show that the low-energy coupling constants of the eLSM disagree with those of ChPT.
At present, our conclusions hold at tree-level. Therefore, a mandatory future project is to compute loop corrections to the low-energy coupling constants for the eLSM in order to confirm that the eLSM has the same low-energy effective action as QCD.
In the end, it is also useful to add a Stückelberg term for each of the (axial-)vector mesons:
This result is expected from a mathematical point of view because this limit corresponds to the nonlinear sigma model. For any finite value of m σN the low-energy coupling constant C 2,LSM in principle deviates from C 2,χP T , but in reality, when m σN 2.3 GeV, they still agree within errors. Including (axial-)vector mesons, m σN may also be smaller.
3) C 3,LSM receives a positive contribution from the (pseudo)scalar sector. However, its true value is negative, cf.
Eq. (51). The (pseudo)scalar sector alone is not sufficient to obtain agreement with data.
4) C 4,LSM vanishes, contrary to the value obtained in nature, cf. Eq. (52). This quantity depends entirely on the presence of vector mesons. Without them, agreement with data cannot be obtained.
Light scalars asqq states
An interesting and important issue in the field of hadron spectroscopy is to clarify which scalar-isoscalar state is the chiral partner of the pion. As already shown in Refs. [16] [17] [18] [19] , the best fit of the parameters of the eLSM to hadron masses and decay widths implies that the chiral partner lies above 1 GeV in mass and should be identified with the state f 0 (1370). Indeed, as discussed by many authors [see e.g. Refs. [26] [27] [28] and the recent review [29] ], f 0 (500) should be regarded as a four-quark state.
Yet, it is still interesting to consider the -by now unfavored -scenario where f 0 (500) is (predominantly) a quarkantiquark state (and thus the chiral partner of the pion). The scenario where the scalar states lie below 1 GeV corresponds to the third best fit in Ref. [18] with a χ 2 /d.o.f. = 11.8. One obtains C 1,eLSM = −0.4388 ± 0.0002 and C 2,eLSM = (9.093 ± 0.003) · 10 −5 MeV −2 . Both values are almost a factor of two larger than in nature, but due to the large error in Eq. (49), the value of C 1,eLSM is still acceptable. However, that of C 2,eLSM is further off unity than for the scenario with the heavy scalars: C 2,eLSM (2f 2 π ) ≃ 1.030672 ± 0.000018. Thus, we confirm that the assignment of light scalars to ordinary quark-antiquark mesons is less favored. This is in agreement with the recent findings of Ref. [30] , in which the light scalar states a 0 (980) and K * 0 (800) could be determined -in the context of Lagrangians derived from the eLSM -as dynamically generated companion poles of quarkonia states above 1 GeV in mass, namely a 0 (1450) and K
